In this study we critically examine some important papers on weak measurement and weak values. We find some insufficiency and mistakes in these papers, and we demonstrate that the real parts of weak values provide the back-action to the post-selection, which is caused by weak measurement. Two examples, a counterfactual statement of Hardy's paradox and experiments that determine the average trajectory of photons passing through double slits, are investigated from our view point.
Introduction
Since Aharonov et al. [1] [2] [3] developed the concepts of weak measurement and weak values, these ideas have been studied by many authors. In weak measurement, which differs from conventional von Neumann-type measurement [4] (strong measurement in this paper), the interaction between an observed system and a probe is considered to have no effect on the observed system when its weak coupling limit is taken. Some authors [3] [5] [6] have even claimed that noncommuting observables can be measured simultaneously by weak measurement, and relations to Bell's inequality [7] have also been discussed. In addition, it has been claimed that wave functions can be directly determined by weak measurement [8] [9] [10] . In particular, Wiseman [11] defined the average velocity of photons operationally with weak measurement and demonstrated identification with Bohm's velocity [12] . Kocsis et al. have developed this study and reported [13] that the average trajectory of photons passing through double slits can be determined operationally by weak measurement maintaining the interference pattern.
Weak values have attracted attention because of both the values obtained by weak measurement and their inherent physical meaning [14] . For example, the counterfactual statements of Hardy's paradox and the three-box paradox have been interpreted with the help of weak values [15] [16] [17] [18] , which were experimentally verified [19] [20] [21] [22] to agree with the values obtained by the corresponding weak measurements. Moreover, strange weak values have been discussed by many authors [23] [24] [14] [25] , but the conditions in which they appear have not been clarified.
Despite the strange properties of weak values, they have been interpreted as conditional probabilities or conditional expectation values by many authors. One of their main bases is that ordinary expectation values can be described as the sum of weak values, which was demonstrated in [3] . To corroborate the above statement, other authors [26] [27] [25] [28] [8] [29] have discussed this problem with positive operator-valued measure (POVM). In the second section, we examine their discussions, and we find some insufficiency and mistakes. Then, we demonstrate that the real parts of weak values should be interpreted as the indicator of the back-action caused by the weak measurement. Reinvestigation of the operational process of the post-selection provides a clearer basis for the above conclusion. In the following two sections, Hardy's paradox and the double-slit experiment are investigated from the viewpoint given in the second section. The last section is our conclusion.
Interpretation of weak values 2.1 Weak measurement and weak values
First, we quickly review the relation between weak values and the values obtained by the corresponding weak measurement [1] [30] . The interaction HamiltonianĤ I between an observableÂ of the quantum system and the momentum π of the pointer isĤ
where g is the real coupling constant.Ĥ I is assumed to be constant and roughly equivalent to the total Hamiltonian over some interaction time t. The wave function φ(x) of the pointer is assumed to be
Here, we have introduced the centre x 0 = 0, which is essential in the discussion of 2.4. The initial system-pointer state |Φ(0) = |I |φ evolves obeying
to
where |I is the initial state of the observed system. The state of the pointer |φ ji both after the interaction between the observed system and the probe and the post-selection in |ψ j is, up to the lowest order in gt,
Then, the expectation value of the pointer's positionx for this state is
where
is the weak value of an operatorÂ for an initial state |I and a final state |ψ j .
Ordinary interpretation of weak values
In some papers [3] [14], it is considered as a basis of statistical interpretation of weak values that ordinary expectation values can be described as the sum of corresponding weak values. We examine the expectation value I|Â|I of an observableÂ for a state vector |I . Let |ψ j be the eigenvectors that correspond to the respective eigenvalues ψ j , j = 1, 2, · · · of an observableΨ. By assuming that a set of projection operators {|ψ j ψ j |} are complete, i.e., 1 = j |ψ j ψ j | and that ψ j |I = 0,
is the probability that the state |ψ j is found in the state |I . Thus, we can interpret the expectation value I|Â|I as a statistical average of the weak values Â ψj ,I , and as a result, weak values are treated by many authors as the expectation values ofÂ between the initial state |I and the final states |ψ j , j = 1, 2, · · · . However, as shown below, we should not decide based exclusively on (8) whether weak values can be interpreted as probabilities or expectation values. We write the proposition 'an eigenvalue a i is obtained when an observableÂ is measured' as A(a i ), and its corresponding projection operator is denotedÂ i = |a i a i |. Similarly, we define a proposition Ψ(ψ j ) and a projection operatorΨ j = |ψ j ψ j |. A set of such propositions constitutes a σ-complete orthomodular lattice [31] [32] , as does the corresponding set of such projection operators.
LetÂ in (8) be the projection operatorÂ i = |a i a i |. Then,
A necessary and sufficient condition for the operatorΨ jÂi to be a projection operator is [Ψ j ,Â i ] = 0. If and only if this condition is satisfied,Ψ jÂi corresponds to a proposition Ψ(ψ j ) ∧ A(a i ) and the left-hand side of (9) is its probability for |I [32] . Here, we define the joint probability of A(a i ) and Ψ(ψ j ) for |I as the probability of the proposition Ψ(ψ j ) ∧ A(a i ), i.e., the probability of finding |ψ j and |a i in |I simultaneously. We do not regard the probability of finding A(a i ) and then Ψ(ψ j ) one by one as the joint probability, because the operation ofÂ i must affect the probability of Ψ(ψ j ) for |I , as shown in the subsection 2.3. Thus, the weak value Â ψj ,I is the conditional probability of finding |a i in |I when |ψ j is found in |I if and only if [Ψ j ,
and hence, 0 ≤ Â i ψj ,Φ ≤ 1.
As shown later, the weak values are actually 0 or 1 in such a case. We can interchange |ψ j and |I in the above discussion. If |I I| andΨ j commute, Â ψj ,I is the probability of finding |a i in |I (or in |ψ j ).
If [Ψ j ,Â] = 0, the projection operator that corresponds to a proposition
n [31] . Instead, if we construct (for example) a Hermitian operatorÂΨÂ and a projection operator |h k h k |, whereÂΨÂ|h k = h k |h k , then the proposition corresponding to AΨA(h k ) exists. Nevertheless, this proposition is not expressed with the help of the Ψ(ψ j )s and/or A(a i )s. In contrast, eitherΨ jÂi is not a projection operator or it does not correspond to any propositions. Thus, if any two ofΨ j ,Â i and |I I| do not commute, we cannot interpret the left-hand side of (9) as a probability or the right-hand side of (8) as a sum of probabilities. Therefore, in such cases, Â i ψj ,I is not the conditional probability of finding |a i in |I when |ψ j is found in |I ,
To clarify the meaning of strange probability, we divide I|Ψ jÂi |I into its real part and imaginary part as follows:
Thus, the weak value (12) is not a (conditional) probability as shown above. Considering Hardy's paradox, we will encounter such a situation.
We corroborate the above conclusion by reexamining I|Â|I . WhenÂ =Â i ,
I|Â iΨjÂi |I = I|Ψ jÂi |I ifÂ i andΨ j commute. Then, by comparing (13) and (8), it is clear that Â i ψj ,I = 0 or 1.
it is obvious that at least one of the following two statements is false: ' Â i ψj ,I is the expectation value ofÂ i between an initial state |I and a final state |ψ j ' or '| Â i ψj ,I | 2 is the expectation value ofÂ i between an initial state |I and a final state |ψ j '. We have demonstrated above that the former statement is false if the operators do not commute, and we will demonstrate below that the latter statement is also false if they do not commute.
As written by Aharonov et al. [33] ,
Because the denominator of the right-hand side does not depend on
gives the product of two independent probabilities Pr(a i |ψ j ) and Pr(a i |I) (divided by Pr(ψ j |I)). It is worth noting that (14) is not a conditional probability if [Ψ j ,Â i ] = 0. To verify this fact, we rewrite (14) as
The right-hand side of this equation is the expectation value of one observablê A iΨjÂi divided by Pr(ψ j |I). If [Ψ j ,Â i ] = 0, thenÂ iΨjÂi corresponds to no proposition, and consequently, (14) is not a conditional probability becausê A iΨjÂi is not a projection operator. The above discussion can be straightforwardly applied to other observables, such asÂ = i a iÂi . Thus, it is obvious that ifΨ j andÂ do not commute, then the weak value Â ψj ,I is not the conditional expectation value ofÂ for |I when |ψ j is found in |I .
POVM of weak measurement
As shown in the previous subsection, we can not regard (8) [29] have developed discussions with the help of positive operator-valued measure (POVM). Let {M m } be a set of operators that act on the Hilbert space of the observed system. The probability of obtaining an outcome m for the quantum state expressed in a density matrixρ, Pr(m|ρ), is
where {M † mMm } is POVM that satisfies
Next, let us consider a sequential measurement corresponding to two sets of POVMs, {M
n }. Then, the probability of obtaining the first outcome m and the second outcome n, Pr(n, m|ρ), is
Dressel et al. [27] and Wiseman [26] have considered
as a conditional probability or a probability between some initial state and final state. Some of the authors have insisted that (19) would become the corresponding weak value withρ = |I I|,M
n = |ψ n ψ n | in its weak coupling limit, and hence, the weak value could be interpreted as a conditional probability. However, if so, (19) could take negative values despite the fact that it is made up of the sum, product and quotient of some probabilities. This inconsistency is not the matter of interpretation. It is the matter of calculation.
To raise the point, we examine their calculation [27] . LetÂ bê
They have defined the conditional expectation value n Â as the expectation value obtained by the sequential measurement,
The POVMÊ (1) m that corresponds toM (1) m is expanded up to the lowest order of g, the constant that gives the strength of the measurement:
where m p m = 1.
Substituting (22) into (21) leads to
In addition, ifρ = |I I|,M (2) † nM
Here, we should pay attention to the fact that the right-hand side of this equation is not the real part of the weak value in the meaning defined in (7) . Rather,
m .
Taking account of the fact that (21) is an expectation value obtained by sequential measurement, the real part of the weak value, Â ψn,I , can be regarded as the indicator of the inevitable back-action, caused by the weak measurement, to the post-selection, i.e., to the measurement of |ψ n ψ n |. Here, the inevitable back-action is defined as I|ÂΨ jÂ |I − I|Ψ j |I for the strong measurement. Moreover, we notice that the term weak measurement means the interaction described by the Hamiltonian (1) -in other words, the POVM (22) .
However, Hofmann [8] has insisted that the back-action of a weak measurement to the post-selection should be the second order of the coupling constant. He has calculated the expectation values of the operators corresponding to the post-selection for the state after the weak measurement with the help of POVM, and he has demonstrated that their sum should not contain the back-action of the weak measurement up to the first order of the coupling constant. Although the result of his calculation is right, what has been demonstrated is that the first order of the back-action should vanish in the sum. The back-action to each post-selection has not been calculated in [8] .
Weak value as the indicator of back-action
To clarify the above conclusion, let us reconsider the operation of weak measurement and post-selection. In post-selection, a final state |ψ j is selected after the weak measurement of an operatorÂ. In other words, the final state is obtained as the state projected by measuring the expectation value of the operator |ψ j ψ j | after the weak measurement.
From (4), let us define |Φ(t) φ as the state both after the measurement of the position of the pointer and before the post-selection, i.e.,
The expectation value of the operator |ψ j ψ j | for this state is, up to the first order of gt,
Thus,
With the help of (6), this equation is rewritten as
Then, (28) and (29) are the operational expression of (25) . These are our main results. Although it has already been noted in [34] [35] [36] [25] that the imaginary part of a weak value gives the back-action caused by the weak measurement, its real part is interpreted as a conditional probability or a conditional expectation value there. Nevertheless, the above equations demonstrate that the real part of the weak value and the expectation value of the position of the pointer after the post-selection give only the back-action caused by the weak measurement. It is worth noting that this back-action itself does not depend on the probe system and is inevitable, as shown in the previous subsection, especially (25) . Thus, we have no reason to interpret (28) as a conditional probability or a conditional expectation value, if any pair of the operators |I I|, |ψ j ψ j | andÂ do not commute. It is easier to convince ourselves of this fact, if we consider the following concepts. After weak measurement, only a small part of the entangled state of the observed system and the probe would change, whereas almost the whole state would remain the same as the initial state. As noted in [37] , a weak measurement of one particle and that of many identical particles should give the same result, if the measurement is repeated many times and the average is adopted. Thus, we can suppose that the initial state of a weak measurement is formed of many identical particles. When this state is weakly measured, a small number of particles are strongly measured and the rest are not measured, though which one is measured is never determined. The weak value demonstrates how the strong measurement for the minority changes the initial state.
Next, let us consider a complete set of projection operators, {Â i }, which satisfy1 = iÂ i .
As easily confirmed from the definition (7),
(30) is often treated as supporting evidence of the statistical interpretation of weak values. We reconsider (30) based on the above discussion. The interaction Hamiltonian between a projection operatorÂ i and the corresponding probe iŝ
whereπ i is the momentum of the pointer. We assume that the wave function φ i (x i ) of each pointer is in the same form as (2). |Ψ(t) i is defined like (26) as the state both after the measurement of the position of the i-th pointer and before the post-selection:
Similarly, the state after the measurement of the positions of all the pointers corresponding to their respective projection operators of {Â i } is defined as
It is in the nature of things that this state is identified with the initial state except for the normalisation factor. Then,
This equation demonstrates that (30) only reflects the fact that the operation of the identity operator does not affect the state.
Hardy's paradox
Recently, the counter factual statements of Hardy's paradox [15] were interpreted with the help of weak values [16] and it was ascertained that they agreed with the values obtained by the corresponding weak measurement [19] [20] [21] . We investigate the weak values in Hardy's paradox based on the discussion in the previous section.
As shown in Fig.1 
where O and N O are abbreviations of 'Through OL' and 'Not through OL', respectively. Then Ψ|Φ 2 = 1 12 by ordinary quantum mechanical calculation.
However, the weak values are
It is easily verified that any two ofΨ ≡ |Ψ Ψ|,Φ ≡ |Φ Φ| and any one of the operators defined in (42) - (44) − must pass through OL to ensure that e + is detected by D + and vice versa. Nevertheless, both e − and e + cannot simultaneously pass through OL, because they must be annihilated together if they encounter each other'. We can discuss the three-box paradox [17] [18] [22] similarly.
W-slit experiment
As is well known, the interference pattern is lost if we attempt to determine the photon's trajectory in the double-slit experiment. However, Kocsis et al. [13] have experimentally define a set of trajectories for an ensemble of the photons that pass through a double slit with the help of weak measurement technique. They have used the polarisation degree of freedom of the photons as the pointer that weakly couples to their momenta. After the weak measurement of the momenta, they have selected the subensemble of the photons arriving at a particular position by the strong measurement. Thus, they insisted that the average momentum of the photons reaching any particular position in the image plane could be determined, and their average trajectories could be reconstructed by repeating this procedure in a series of planes.
In their study, the average momentum of the photon's subensemble postselected at a position ξ should be given in the form
whereP is the momentum operator of ξ-direction. However, we cannot interpret the weak value (46) as a conditional expectation value ofP between the initial state |I and the final state |ξ , because |ξ ξ| andP do not commute. That is, we cannot interpret (46) as the average momentum of the photons that have reached the position ξ. On the other hand, if we replaceÂ withP and |ψ j with |ξ in (28),
where |Φ(t) φ = |I − igt x 0 φ|xπ|φ P |I .
This equation indicates that P ξ,I gives the back-action caused by the weak measurement of the momentum to the post-selection of the position. In addition, it is obvious from (47) that the real part of (46) is a classically measurable quantity, as noted in [37] .
In [11] , which is one of the bases of [13] , the average velocity of a particle at a position ξ, v(ξ, t), is operationally defined as v(ξ, t) ≡ lim
where ξ strong(weak) (t) is the strongly (weakly) measured position of the particle at the time t and E a F is the average of a when F is true. If the Hamiltonian of the observed system is P 2 /2m+V (ξ), (49) is identified with Bohm's velocity [12] and in proportion to P ξ,I . However, we know from the above discussion that E ξ weak (t) ξ strong = ξ is not the average position at the time t when the position ξ is post-selected at the time t + τ , and hence, we cannot interpret (49) as the average velocity. Therefore, the fact that P ξ,I is in proportion to Bohm's velocity does not help the claim in [13] .
Conclusion
The main conclusions of this study, which were drawn in the second section, are as follows: The real part of the weak value Â ψj ,I is not the expectation value of an operatorÂ between an initial state |I and a final state |ψ j . Rather, it gives the back-action caused by the weak measurement ofÂ for |I , which changes the probability of finding the state |ψ j . There are so many studies based on the statistical interpretation of weak values that we cannot examine all of them. However, the studies investigated in the previous two sections are typical, and we have noted some of their essential faults. Therefore, we conclude that it is worth considering suggestion that there is controversy in previous findings, though our ideas may not be applicable to all discussions concerning weak values and weak measurement.
